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0. Introduction 

The aim of this paper is to report 00 the latest version of the Logic 
of Effective Definitions. One of the main reasons for introducing this logic 
of programs comes from the fact mat c [ logics of programs (cf. 

CI, 8, 10, 15, 21, 24, 25, 26, 27, 29]) are based oe a fwd clw of structured 
programs, e.g. fkm-chart schemes or recursive procedures. * This leads to some 
general questions such as: 

(1) what properties of a given class of programs impact on the behaviors of 
the resulting logic? E 

(2) what are the limitations on me expressive : joner.^Jnjj^i of programs? 

(3) what properties such as compactness, inter] or logics 
of programs? . , vi "~l * " '/"** "^? '.','"""..', 

(4) what common methods might be applied to (fiffereat logics of programs? 



All these questions are dfTficultto answer at oocju . It k the 
author's opinion that there shoaM exist l in^orjk ia which all these 

questions can be embedded with a hope of gjilj^aasipril;:^ * *e 
intended role of the Logic of Effective Definitions, ISdv I, ," r 

LED is based on completely unstructured schemes which are better 
called effective definitions rather than programs. The only primitive 
relation in LED is total equivalence between schemes — many other 
interesting notions are derivable from (expressible using) the primitive ones. 
The extremely simple structure of effective definitions together with the 
simplicity of LED formulas make model-theoretic methods easier to apply when 
attacking problems (1) - (4). On the other hand, many logics of programs can 
be retrieved as fragments of LED (cf. Section 5) via the standard unfolding 
procedure applied to the programs on which the logic is based. 

We emphasize here that throughout mis paper we consider only 
deterministic programs. There are no problems in formulating a 
non-deterministic version of LED. However, mere are confusingly many open 
questions concerning deterministic programs and their logics. This situation 
suggests, in the author's opinion, a need for better understanding of the 
phenomena arising in the deterministic case before passing to nondeterminism. 

The results presented in this paper are mainly concerned with LED 
itself. However, the open problems formulated in Section 5 are oriented 
towards a better undemanding of the behavior of LED fragments. 



To keep the paper a reasonable size, we give only brief sketches of 
proofs of results which appear elsewhere. Actually, there are three new 
results stated in thte paper {X5i9f 4&# mds&&-*4kmF*m mainly 
improveiatfits oftthiiiiaaryat ones. la this case *c« oomptete proofs ate given, 



The first version of LED (in [31]) w«* J<*muUstd for a three-valued 
logic — the third truth value in this logic cor resp onded to divergence, A 
completeness theoregt for aas j togfci s-fcaacp' i» [JBj. A^rafarmulatfon of LED 
based upon merdv two troth values » fivemfiftl^3t Witim r oAK^'LEP in this 
paper in essentially the s^aie way a* i» L331 ?.-•«• 

I would like to thank Professor Albert R. Meyer for many 
valuable conventions, Jbr kjs fruitful e ommta t i aetata* eat bar vetsams of 
LED.^and i^ fahattftjevtsaMa^uaiean^ 

editing this paper. "* ; >._ . $ 

I woujd also, like, to express my^ thanks to Prpfessox JClaujL Indannark and 

in Aachen for a very sympathetic and sttmtttatittg a tnlesp l foe wiring my stay 
there in 1978/79, when some of the kteas and /esults pmsented in this paper 
were formulated. '--|:3ia:.-- >\a . .--•: r. ,*%f»v=.> «, .«.. ^-* 



Finally, rbaaks are due to Cindy Ma r Ugatrti of tbeM.LT. La borat o r y for 
Computer Scie^ for tyjan* ^ pancr. ' -.,: -.:«, ^ •,..- - , n j: -■ ,v r . ^ • 



1. Preliminary Nations and Definitions 

In this section we recall gone banc notions and definitions from 
logic. We concentrate here maauy oat notation ntlaw to on complete 
definitions of standard concepts — the latter can be found in any text on 
mathematicaJ tegic (e^. [2, 7]). 1 *) »: 
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1.1 Tint ir rtrnntr thr first infiiiiM anlianl iKr il mil H in 
equal to the set of aM finite ordmati fat, % H:J. t^tom •* to denote the 
set • - {0}. A finite ordinal n c #« jfcftfiffcif with the set W el 
ordinals smaller than n. 

Let 1 £ m be an ordinal and itt A be a set. Elements of A* are 
called i-vectors over A* and tiary arc f fflsf ttilhf ti iwii XnWHT ? W# every ' 

a «-:A* Mrfte«»«r#<*,^* 
a n * tin). 

' ^#Sfi3* W*'#*f #1^€^ < -, J*e- 
sets A" * ' a* 'a«l '«■*•"' "." ;'"" 

1.2 By a language L we mean an ordered par 

L * cL, p L >, where LsI^ULpUl^isa anion of peirwise 
disjoint sets l^^ L* caikd Uw«t of-cwtt«f i^botv /v/rc/tat 

symbols, and predicate symbols, respective^ and ; i£f ij/ U^ : %*^* v iq 
is a function called the arity function. 

1.3 Let L be a language and let X = {x R : n < •} be a set 
disjoint from L. The set X wffl be fixed throughout the paper. Elements of X 
are called individual variables. 

Let TXL) denote the set of all terms of L with variables from X, 
and L^fL) the set of all first-order formulas over L augmented by the 
equality symbol with variables from X. Finally, let Offt.) denote the set of 
all open (i.e. quantifier-free) formulas from L^L). 

For t € TXL), VaHt) is the set of all variables which occur in t 
For a c L^L), Var(«) is the set of all variables which occur free 
in «. For every n < « we define 



1TL, n) = {t € TO) t VaMs fy *i < nj}, 
L^(L, n) * {« € L^L) : Van» c {xj : i < n}j, and 
ORL, n) = ORL) n I-J^ n). 
The elements of L^Ct, 01 are called 



For t € TTL), oritjM is the least n < « such that 
t € T(L, n). Siinilarly, for « c L^CL), arityfo) k the least 
n < « such that « c L^flL, n). 

1.4 Let L be a language. By an L-structvre V we mean a set 
A called the carrier of V, and an interpretation of symbols in L (i.e. s 

function s •» s* for s c L) which satisfies the following conditions: 

1.4.1 ifc€L c thenc i cA; 

1.4.2 if f c L F and * L (f) * n, then fl: A n -» A; 

1.4.3 if r c L R and *|jr) > n, then r* C A n . 

An arbitrary t € T(L) determines in an L-structure * a 

function t* : A* -» A which is defined inductively in the obvious way 

(t* is said to be the meaning of t in V). The value of this function on 

a given acA # depends only on the first arityft) components of a. 

Therefore we shall sometimes write ambiguously t*(a), where a c A k and 

aritvCt) £ k, viewing t*(a) as the value of t* on any extension of a 
to an «»-<vector over A. 

For an L-structure «, a e A # , and « c L^L), 

<*, a> N « means « is true of I under the valuation of variables a. Just 
as for terms, the truth of a in <*, a> depends only on the first n com p on ents 
of a, where n = arity(«). For aritvfe) S k and a c A k , * l» 4*3 means 
<M, a*> N « for any extension a* of a to an •-rector over A. 

We shall write * * « if for every a € A*, <■, a> * a. If 
H N a then V is said to be a model for «. We write * « if for every 
L-structure I, I N a. 

We extend the above definitions to sets of formulas. If Z c 
L^Jh) and * is an L-structure then we write * N Z if for every 



a € Z, * *= « holds. If this is the c«e tfceni js s»d to be a model 
for I. We write N Z if every L-structure Iki model for Z. 

Finally, if Z C L^L) and « € L^JU, then we 
write I N a if every model for Z is 1 modal ft* *. 

1.5 For every finite laafvage L we adopt a stuxtard GMe/ 
coding for the expressions in TTL) and ORU (cf. for example [2D. 



,*,, -s -,,'»■? %i 



2. Friedman 's Effective Definitions 

The notion of effective definition is due to H. Friedman ([12]). In 
section 2. 1 we will define effective definitional schemes over a finite 
language L. They will be semantically equivalent (in all total 
interpretations) to Friedman's effective definitions over L augmented by =, a 
binary predicate symbol which is always interpreted as equality. We defer 
until later a full discussion of the appropriateness of our definition, but one 
pragmatic motivation is that we want our Logic of Effective Definitions to be 
similar to Deterministic Dynamic Logic, where tests for equality are allowed, 
(cf. 5.2). 

Friedman's effective definitions are known to be of universal 
(computational) power over total interpretations (cf. [3Q] for discussion and 
further references). Many other classes of program schemes, e.g. flowcharts 
with indexed variables ([30]) or flowcharts with a stack and counters [23], 
are inter-translatable with the class of effective definitions. This 
phenomenon provides a system of finite descriptions which is semantically 
equivalent to effective definitions, the latter being infinite objects. We 
have decided not to introduce finitary descriptions since they tend to be 
distracting. For example, many of our proofs involve constructing a new scheme 
from a given one. This construction is often easily described in English, but 
a formal description of the construct tends to be complex. Since our entire 
development depends only on the schemes involved and not oh how they are 
described, there is certainly no harm in omitting such a system of finite 
descriptions. 

2. 1 Effective Definitional Schemes 

Let L be a finite language and let n € ». By an effective 
definitional scheme (eds) S (over L) with variables among {x| : i < n} we 

mean a recursive function S : <o -» ORL, n) x T(L, n) (S is recursive 
with respect to the codings fixed in 1.5). The set of all effective 
definitional schemes over L with variables in {xj : i < n} is denoted by 

ED(L, n). The set of all eds's over L is denoted by ED(L) and is equal 
t0 u nCw ED(L, n). 

We adopt the following useful notation. If S e ED(L) and m € *>, 
then og m is the first component and tg m is the second 

component of the pair Sdn), i.e. S(m) = <og , tg m >. For 

S e ED(L) we define arity(S) to be the least n < « such that S € ED(L, n). 



8 



Let * be an L-structure and let S c EfJXL, n} for motn e ». 

The scheme S defines in V a partial function S* = A ft •» A, which is 
defined m the foltowing way: -''•'-■ 

&*(a) = t^-d* where H » it the lent* element 

io die sel|iV» : If R/^WSj 

uiid^fn^^irihwp^ no men i. 

We write An)* to indicate thaf # is defined at a. 

From the above definition we see that eftctue 
are schemes of definition* f£/| 

cases}. feWl can be viewed at "£*?" 





with V being the output variable. 

Jntt as in 1.4, we wit sfitktiy Warn the 

S*(a), where a € A* and trityCS £ lu 

confusion,, since the see** # on a depends on, at nan*, the first 
components of a. 




An eda S c BD&* n) is said to he rfifn attain* nVfor 
L-structore * and for awry a « A* the set pHbtvttfelfe 
has at most one element. 



Thfe next defioitioo is an obvious 
effective definitional 



aenerahamon of the notion of an 



2.1.1 Recursively Enumerable Tree-schemes 

Let L be a finite language and let n € «. We describe here r.e. 
trees which compute n-ary functions in L-structures. (cf. [17]). 

The input variables are {xj : i < n}, there is one output variable 
z, and a countable set fy : i € *>j of auxiliary variables. We assume 
that z * {Xj •• i < n} U { V j : i e »}. 

Test conditions are arbitrary first-order open formulas over L 
(with equality) with variables in {xj : i < n} U { v . : i € *}. 

Assignment statements are expressions of the form y: = t, where 
y € {xj : i < n} U (vj : i € *} and t is a term over L with variables 
in {xj : i < n} u { v . : i c »}. The variable y is called the left side 
expression of the assignment y: = t. 

Halt statements are expressions of the form STOPte = t), where t is 
a term over L with variables in |xj : i < n} U { v . : i € •»}. 

Consider countable rooted trees with the property that every vertex has 
at most two successors. Each vertex with two successors is labeled by a test 
condition, each vertex with exactly one successor is labeled by an assignment 
statement, and each leaf is labeled by a halt statement. Moreover we add a 
technical condition: for each path w leading from the root to a vertex labeled 
by a test condition a (resp. an assignment statement y: = t or a halt 
statement STOPte s t)) if an auxiliary variable vj occurs in « (or in the 
term t in the case of assignment/halt statement), then there is a subpath w' 
of ir leading from the root to a vertex labeled by an assignment statement with 
Vj on the left side. 

Let T be a tree satisfying the above-mentioned conditions. For any 
path * in T let e^ be a formal concatenation of all expressions which 
label vertices on that path (in the order in which they occur). Call T a 
recursively enumerable tree-scheme if the set (<e f ir> : w leads in T 
from the root to a leaf) is a r.e. set. 

Let V be an L-structure and let T be a r.e. tree-scheme over L 
with input variables in {x { : i < n}. The computation of T in « for input 

value a € A n is defined naturally. It starts with a being substituted for 
the input variables. Then the assignment statements are performed in the 
obvious way. If the computation reaches a test condition a (along a path w) 



H> 



then the next instruction to be executed ft the btstrettion labeling tho vertex 
reached either by irO or by irl, depending oa whether or not the test a is 
false at this stag* in the computation When la* eO tap u tllkHt t eaches a halt 
statement then it itops with the o^pat-e omuMtrt frwn the tem on tf* right 

hand side of the statement Let T* : A n -> A be the partial function 
computed by T ki *. " fi ,, 



'jV-^<Xii 



2.1. 2 Preposition 

Let L be a finite langiuup and let 4 c«. 

(9 For every eds S € fiDft, n) there it a 

such that in every IrttruOtus *, #?r^l. -> 



eds Q c EHL, n) 



(u) For every r.e. tree-scheme Tsouar I with watto in ty t i « n} 
there is an S € EEXL, n) such that in every 'VHSMm%^* sF. 

flroo/: f3*T>retofofmirc^^ 

the root to a hah statement. Lete^ be the li»N<j^Ml^ &)hta ttii atk a i of 
expressions occurring on that path. By executing a formal computation along 
tfce path » we p*o%^ #(»& «fc,'+3. wWre^f^ PR 4 !? ?c '"' 
i^prmnWi l61e*JMirirta^ 

ovef atiteranrotug paths » an eds w^ ^ r' .. ■ 

and let n<», 

air if n^k 

equal to jgV Hntte <^ $ oorfetpond to **^/te fxoaro >«*fitmed 
by an ABORT or DIVERGE statement „ 

2.2 Rtcurtion-tkeot&ic notions rtlatift to a dim structure 



UtS« 



Let L be a finite language, let V be an L-jtructure, and let « < «•• 

A partial funJ^ffi^J^ ' _\, 

an eds S c ED(L, n) with f * SF. A subset Wc, A* Vsaj* to be 



r 4*.iii - ' ; '-''- *? 
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Let S, Q e ELXL, n), and let H be a L-structure. Define a 
subset (S* = Q*) c A n , by 

(S* = Q*) = {a € A n : S*(aK Q*(aK and S^a) * Q*(a)}. 

2.2.1 Proposition ([33]) 

Let L be a finite language and let n < «. Let S, Q € ED(L, n). 
Then there exist Pj, P 2> P3 € ED(L, n) which can be effectively 

found from indices for S and Q, such that for every L-structure H and for 
every a € A n , 

(0 a € (S* = Q*) iff P^(a)*; 

(ii) S*(a)* and Q*(a)* iff P^(a)+; 

(hi) Either S*(a)* or Q*(a)* iff P^(a)*. 

Proof. 

(0 By 2.1.2(0 we may assume that S and Q are deterministic. Let 

• « 2 -» « 

be a pairing function (i.e. a recursive one-to-one mapping of v? 
onto «; cf. [28]. Then 

PjWm, k)) = <« Sm A « Qk A t^ = t Qk , tg^, for m, k < •, 
is an eds with the required properties. 

(iO Again we may assume S and Q are deterministic. Let 

P 2 ((m, k)) = (« Sm A « Q k> tgQ). 

Then clearly P^(a)* iff S*(a)* and Q*(aK 

(iiO Is obvious. I 



12 
2.12 Corollary 

For arbitrary eds's S, Q and for an arbitrary L-structure I, 

S* = Q* is f-semicomputaWe. Moreover aff*-*eti&oinputabk 
sets are closed under finite unions and interse ct ions. 

2.2.3 Example 

Let W*^ S, »be artructw with a »nary„rui»ctiooS 
successor and a constant i« TImii lla It iMajmlitllii functions are 
precisely the partial recursive functions. 



13 

3. Logic of Effective Definitions 

3.1 Syntax and Semantics 

Let L be a finite language. Let Lfi£XL) be the least «et of 
expressions satisfying 3.1.1 - 3.1.3 below. Elements of LEEXL) are called 
LED formulas. . - : — . ; .; ^ •-.*: ■ r-- *-- * ■; ,»> 

3.1.1 If S, Q € ED(L) then S* Q CLE00.K 

3.1.2 If «, t LED(L) thenVfc A#),am|C« V 0) 
belong to LED(L). -^ 

3.1.3; If o e LEDtL) and x Q c X » an individual variable then 
3x n « and %« belong to LEDtL). * x ; " 



Open LTBD fom^ttt tera the least subset i*UOL) closed i*Ml* 
3.1.1 and 3.1.2. A^ open rJEfir formuU «Vi2 to S^ufFthe 
negation sign (-») does not occur in «. ^ ' " " 

We i ntittdo e t the following a bbre v ia tio ns for formulas: 

- i^41bnsed^fc^-%V i 5 ■" - ■ ' 

a «♦ is used for (« -» 0) A (0 ■♦ «). 



'jVsu~V 



.i r -' r>"'.^ 



If at € LED(L) and if V is a L-structure and. a f ^ then 
<*, a> *c at means that "« is true in f under ^knWIuilt' <t, a> N « is 
defined by induction on the complexity of «, as follows: 

3. 1.4 If * fr g* Q where S, f> * EDCL) then 

<*, a> * « iff a a>t#J^; * 

3.1.5 If « is ^0 then k 
■ - - <M\ a**--* iff *M^<«f a> N 0. ''■ 
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3.1.6 If a is 0| A ^ then 

<V, a> ^ « iff both <V, *>*»*j »«*<*, *>* 2 . 

3.1.7 |f###j V^jtteej 1 

<1, a> N « iff cither <f , a> K <fj or <I, •> K 0^' 

3.1.8 If « is Vx^ then v 

<*, a> M « iff for all a' c A*mk4*t 
V * a^ lor k V 1, <t, a* > # bokk 

3. 1.9 If a is 3yi then <1, g> N « iff ** <*, a> K^J*. 

Just as in the first order lope, we sefrtBtrthe tut* of #& 
<« , a> depend* only oa the fast a rompnnrnft a- w# .* p/ ^ where a » 

the »^*i«*«^#H«^L^^^ 

a, where aft defined above, k *;- 



We write | * « tf for flaaj^.« A%<Okm ** *#** in ** 
case* is said to be a ««W fore. Fiaatty we write t « if for every 
L-stnicture *, V fc* « ; ia this case * is^aid Jo he a /a>*Wggr of LED. 

3.2 Properties Exprtaibk in LED 

3.2.1 Total Etpifidfmx 

It follow* intmediatefy from oar defiattiom that for 8, Q c EDO), 
NS«QiffSaadQare fr ^Bj ^ai . a h pl <e*V£U& Th o Hfu l 
LED can be viewed at a -fkst-order teak" t*a% ap troaa ataaafc feraaaws wlach 
express total eqofcateaee of Frirania* srhiwas, r 

3.2.2 Strong Eqtdmknce 

For S, « EDOD, let S a Q be «e sw kmsti* <* tfr LED formula 
<S*SVQ S QJ-S*Q. It » easy to cheek that far aa L-st«cture «, 

I^SiQiffsP*(^. Therefore NSaQftSaasQar* 
strongly eqatraieat (ef. [14ft 
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3.2.3 Weak Equivalence 

For S, Q c EWL), let S ~ Q be an abbreviation of the LED formula 
(S-S AQ«Q)-»S*Q. If it easy to we that for an L-s$tucture », 
H N S ~ Q iff both S* and Q* can be extended to the same total 
function. Therefore NS~QiffSandQ art wetithrfequlvafefit (cf. [14]). 

3^2.4 Termination Properties 

For an, eds S € ED(M kit easy to tee that &*S expresses 
the proper^ that S terminate , i^ ty ajU**r»p*ure f t * te## »«f 



S" is total. In the sequel we use the nwre iiujs/iliir aomtioa «* for 
S»S. We also write »♦ for -<S» S. n .- r± * % 

1.2.5 First-order Properties 

First-order logic L^L) is naturally interpretable in 
LECKL) in the following sense; for every ■ Jjvf^JGP there exists 
*m* LED *L> which cm j*^ « sucfcthat 

for every ^structure f and for every p € 4*?,mSsV i> * * iff 

For an open formula « € OKLKwe deflni'*^* be & m * S 0| 
where S. c ED(L) is a finite eds defined by f^k) « <«,, x^isf alk 

If « € L ««/ L > ■ ■» arbitrary formula then first we take the 
prewar normal form of m, say M««| where £0 is a bloc* of quantifiers 
and «* is an open formula. Then we set # B to^f.-^. 

Therefore we may aaume that %jm » included far LEDtL), 
i.e. if a first-order formula « occurs as a suhformuk of ao expression /I 
which is intended to be a LED formula then « is viewed* lie corresponding 
formula * described above. 

3.2*6 Representation of Terms 

If t € T(L) then the finite eds S t c ED(L) defined by 
S t (m) * <t=t, t> for m <#, represents the term r, ie^Juitry «he same 
individual variables occur in t ami S t , ami for every L-structurc M and for 
every a € A* t*(a) * S^(a). 
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If S € EEXL) and tj, t 2 c T(L) then &* tp t|# S> and 
t| ■ t 2 are abbreviations of the LED formulas S* S^ ^ 

S ti - S, and S^ * S^. 

3.2.7 Parfal Correctness 

Let L be a finite language, let S 4 EXXJU a)> whet* n < «t and 
let a € L^U,, n) and c L^OL, n*l) be arbitrary 

first-order formulas. The LED font*}** + *xj$i x^ -» jff expresses 

the /wr/tef mrrtemm of S wtm respect to the moot cdtidltion a and the 
output condition I (efc £14& 4^ for any fc' iswaaluii t)*ad for a c 
A«, <«, a> * « - V* n (s= x n - ft) ifT wtoNft). «fa^ .«, a^j] 

and S*(aQ, ..., a^j) terminates with result b c A, thea-1 ► flEa^ ..., a^j, b]. 

3.2.8 Total Correctness 

For L, S, «, as above (in 3.2.7) the LED formula 
a - ^(Ssxj, A /J) expresses the total c on *c ti ie u at S with respect to the input 
condition • and the output cdnditkm ^fP^iktof f^ t-ltetttfe 
W and for any a c A", <W, a> t* • •» 3^(8* x Q A 0) iff whenever^ 

V |b oCaQ, .... a^jk then Aa^ ..^ i^j> termtoatet with result 
b c A and V ► dfa^ ..., a^f, fe}. 

3.2.9 Relation teL 

For a finite language L, let L #i# (L) denote the set of 

all formulas over L of the togfcL^ ^ j^tltfr. 

1 
L M (L) differs from l^Jtet m that we allow eouatabte 

con junctibria and* dn junctions. 

We now show that LED formulas are translatable into L 

»!» 

formulas. The only thing we have to do *4D shew iMw tr translate a formula 

of the form S* Q, where S and Q are eds's, into an L 

formula. First, observe that S = Q is t.^ v . .. 

equivalent in all [.-structures) to the ..affinalB ^_ 

where *>y r 0R£)r expresses that $ stops tt the i-th seen, Q stops at 
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the j-th step and both five the same result, ie. *j .• is» 

We shaft make we of the obseri'Slisii that LED is mterprctablc in 
L^^ in later sections. '.. *'■*? :m-<^ 7* i*-^- 

3.3 Normal- form Results for LED Formulas 

The following question arises natnraKyt What properties of programs 
are expressway LED ioimnlasf Hk itXte !Wi*urtMkja gm a partial 
answer te^tWa^usalipBjJxri t ,- . sj^-o! ~w »•: ••?;*$ ^H' ■- e • - ,: 






3.3.1 Theorem ([33]) 
Let L be a finite language. 

(1) For every ^tre-opwt fernwai #**C1D&* w eree x a tsan eds 

S c ECXL), which can be found effectively from (the code of) I such that 

(2) For every open formula « c LED(L) there exist n < « and eds's Sj, 
Qj c ED(L) for i = i, .... n such that n, ty « i < n), anf^jf : \ < n) can be 
effectively and found Crpm « and ;; A ' 

I- • - A^ .Qp 

(3) For every open formula a c LED(L) there exist n < # and eds's 
S it Qj c ED(L) for i < ^ w|^ can^be tffec^ fo^in« « such that 

(4) For every open formula « € LEOi) there exists « recursively 
enumerable set p m x m < «} of eds's in EEXL) (Le. the Godel numbers of 
the S^'s form an r;eVse^Mj|ai^ 

<H, a> *« iff for every m < #?<*,?» la- 8-fl 

Proof (1) follows from Proposition 2.2.1. (3) follows from (1) by using 
conjunctive normal form for open formulas. (2) follows from (3); i.e. 
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S* -» 0* can easily be expressed as % * Q* for some (effectively 
found) ed$'s S*, Q*. Finally (4> follows from f 3); U S* y ^Q* can be 
easily expressed as A^^ P m * for an r.e. set {P ra : m < #} of eds's. • 



It is perhaps interesting to note that jngeaetat the* in<2) or in 
(3) cannot be bounded by any integer. Thk follows from ts« following result 
due to J. Dergstra. 

3.3.2 Theorem ([3]) 

Inhere exists a fuute language I «■*' afti^atnettie-f tuck that 
for every n < «* there exists an open fonmOi m c LEPflL> inch that for 
arbitrary eds's Sq, ..., S^j, Qfo, .... Q^j in EDflL), 

The proof of the above result uses a structure in which eds's define partially 

craputabje ftmctt^ 

properties. ,-, % H 5 ;- *- * ~ -.? <st; r ' ~ s * -, ; 

The next result is proved in the same way as the analogous result (Le. 
the prenex normal form) for first order logic 

3.3.3 Theorem , 

Let L be a finite language. For every a € LEtXL) there exists 
«« c LEEKL) such that 

(0 *«♦♦«* 

(iO a* is of ^ Tcrnt i Q^Xj o ...O n _ 1 X| .J**, where each Qj 
is either ^ or 3, and ? is an open LB«U fortoule. 

3.4 Structures Umevelf DefmaMe At LED 

It follows from 3.2.5 that every finite struct^ w uniquely definable 
(up to isomorphism) % **smgfi EEft formuli (corresponding to a first order 



formula). Here we investigate the following problem: what structures are 
uniquely axiomatizaWe by a single LED formula? We give a complete 
characterization of structures which are m eigne Ij ■llhinstii inti % open LEEKL) 
formulas, in the case that L contains at least one constant 
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Let us start with the following 

3.4.1 Example 

Let I^{0),L F : {S}, * L (S) = 1, L R * 4. Define an eds 
Q c EWL, 1) by W *<&W* *& Xa> ft* all n < *. 

ft is easy to see that if c is? 

Q* A (Stx^ * S(xj) - xq« xj) A {yty « 0) 

then for every L-structure f, ■ N «^ff * * ^; S, ft, where Sis 
interpreted as successor. 

An L-structure If is said to be uniquely definable by a set Z of 
LED(U fosmiHas tf « isjiftenmly m«W(bp ^tombfphwm) of Z." Since LED 
formulas express program properties (cf. 3.2 and 3.3), structures uniquely 
defined in LED can be viewed as those which are uniquely describabk by then- 
algorithmic properties. For example, STACK can be presented as a certain 
structure (cf. [29]) wbfch catf then be show* 1a be triftq^ly definable TUore generally, 
it follows from Proposition 3.4.2 below that Abstract Data Type? (cf. UJ}) can be 
viewed as struetii^^aiai^derniit^'in^^ tha abo noWfor the ring of 
integers, the field of rational*, and the field of recursive reaw (cf. tU). 

3.4.2 Profxmtkm 04]) 

Let L be a finite language with 1^ 4 0. Let • be an 
L-structure. The following conditions are equivalent: 

(1) « is uniquely definable by a set of open LEttU formulas. 

(2) « is uniquely definable by a set {%♦ : i 4 I) e€ ^armination 
predicates, where each Jjf 4JKL), 

(3) W has no proper substructures, i.e. for every a € A there exisis 
t « TCt, 0) with a = t* 

Proof. (1) - (3) and (2) * (1> are obvious. For 13) * 49f we show that 
the property of having no proper substructures can be expressed by one formula 
of the form S* and then we add formulas describing the 41mm (see. eg., 
[7] for a definition) of «. I 
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For an arbitrary finite language L the following analogue of 3.4.2 can 
be proved. 

3.4. J Proposition dil) 

For an arbitrary finite language L, if an Lr-structure V is 
uniquely definable by a set of open U& formulas then V hat no proper 
substructures, i.e. for every substructure t^of f with <g,tf.^._Jj| * I 
holds. 

Proof. Let « be uniquely definable by a set 2 of open LECXL) formula*. 
Each substructure ^ of * satisfies T as well, » M^ f « ftnce * 

has finitely generated substructures (which must be isomorphic to 1), we 
conclude that « itself is finitely generated. If |q is a proper 

substructure of « then ^we construct Ti}imm\%^L t .^ of L-structurcs such that 



(u) for every n < «, f| is a proper substructure of t^j; 

(iiO for every n < «•, the» i a^ «pi«|hj^ 
such that yt J * i^j \t 

Then «* - ",<„*„ is not finitely generated and tift* not 

isomorphic to «. On the other hand, both «* and f do satisfy the same open 
LEWD formulas. I " — t ^ wi. 

In order to give a characterization of structures uniquely definable by 
a single LED fcrnafa <w hftroduoe tome standard defMUuiw. 

Let L, toe a finite language wall L^, tf W aftd^ let L R * 
\ r O> •■•» «" k _jJ with a L (rp = ti| for i < k y ^k\i*MW ""' ;,fi '"" 
L-structure without proper substructure*. t^.^^ea^^TO^^ |m. tJa» 
recursive Ctxiing fixed m 1:5. liefme a tWv'larf to bYafri tuple Of) = 
<ar , «), ..., ar k .,, 1), a*, *7> of relations in 1 *; w*W ? l 

arj, W) GaAfer U hand OvD c*V 
following eonditionst s 



(0 



for i < k and <niQ, ..., ny_j> € #"»,. 

<m O> -' "y^ € Qr i» *> iff <«<n^ tfa,-^ < i"i 
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(iO for <m@, mj> € # 2 , 

<n^, m^« q« *) iff* N |[i«^f g(m^. ; 

For a set X, let £*X) denote the set of til subsets of X. Let 4 c 

0*«r°)bx ,., x ^5(^-1) xJI«% be the Mt o* those k^taafcs 

<C^ .... C^| V E> of retatssen mw^ne* tlat jte ^1^ comp o nent E is i 

coding (in the sense of (id above) of ^m^^mi^mmM^M W» 
structure TtL, 01 has only operations and constants determined by Lp U L^, 

in a natural way), and for every i < k ths laiatJinf, Jsaldii for aU m, p € 
« % if (nii, pj) € E for every j < 14 then m t G iff. 9 % C. 

substructures. It fr^ to : x>p s erv e fo tT &%M l Xft? Jrf«4hefe " ! ; 
corresponds in a natural way (afj c « fCTO tfl^^l lr ^UW ' 

conversely^ fo| ey|ry^t% .$/ Jftffefttabli&w ?MlM<IQ&" ^fr 

A^x-r^^ , .; 

flj if there exists a recursive (i.e. A$) formula ffrn, ..., r^ «, *, xq, x) 
such that <Cq, .... C^, E> € X iff Vx^|t1K^C,C^,% xq, xj] 
is true in the standard model of arithmetic. , . 






A subclass 5rJ s TfT is IlJ-«fe/fooMf A/f§f *%££" 
set. Observe that a? defined above is a II J set «|nce the oondakms 
defining it are n J. Therefore 5T itself is nJ-defkuWe. Finally an 
L-structure « « 5T is ifm^^ Mf?^' *' ' 



3.4.4 Theorem ([4]) 



sti^v-^-fe 



Let L be a finite language with L^ /> and let the |tn. . ; . 
L-structure. The following conditions are equivalent: 

(0 % is uniquely definable by a single formula of the form S+, for a 

certain S c ED(L) . » 

(ii) V is uniquely definable by a recursively enwrneraWe set 

{•i : i < «•} of open LED(L) forntj&ft * /; &■?. j ^* 

(iiO V has no proper substructures and I is nJ-oefinaWe. 

Proof- (0 -► (nl is obvious. For (iO * (iiO we apply Theorem 3.3.1(4) 
and transform {«| : i < «*} into the semantfcally equivalent r.e. set 
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fSj*: i c «} with Sj € ED(L) for i < •». Then fran A^Sj* we get a Hf 

condition defining «. To prove (iiO -» (i) ^essentially ffyerse the nroof 
of (iO -» (iiO, applying a recursive enulneratlon of the finite sequence* of 
positive integers. ,-.«&. 

In the next two. section*, we exploit tt» jfeservatibns we made in 3.2.9 
about the rehrtien of LED to L. We apply same methods from 

1 
L w to nerive resute concerning LED. ^ « ^ 

3.5 Campktmas Theorem 

The purpose of this section is to present a formal proof system for LED 
andto prove ite com^to^ X^a^lna jnf tl* *«X is torowe* f rwn the 

Model Theory of I, ^ Ccf^lf& uA »*«ed^ * <«<*&«*) y 

1 
notion of the consistmcf propvtf. ..,.■■ -:;^;j : -*» ; ■.-,;- ...-.■. 

3.5.1 We slbst need a traatf ormatkw f or "iiwtiiig the iiegatwn 
inside". Let « € LED(L) (the language L is fixed throajhoul the section). 
Then the formula V * mm % ^rkiriBAlc^yr^^^ 

<S*QTis-<S*Q|, 

(« V 0)' is «' A fi', 

cm »'* «' -y r. . ■ 

(V^lsSx^V 
Now we are in a position to present the system. 

3.3.2 Axioms 

We have the following axiom schemes, where « c LEEKL) and x and y 
are any individual ▼armhtes? ' ^ 

A.1 Every tautology of finitary proposrtionat logic. 

A.2 -«• ♦• «'. 

A.3 ^ S Q^0)*8 S Q, 

where n < «#, and S, Q c BfXL). 
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A.4 V«* - «(x/t), 

where t € T(L) f t is free for x in o, and «(x/t) is 
obtained by replacing each free occurrence of x in a by t. 

A.5 x= x. 

A.6 x = y -» y = x." 

A.7 (ft A t=x) -»a(x/t). 

3.5.3 Rules of Inference 

In the rules below, a, € LEEXL) and x is any individual 
variable. 

R.1 «, ft- fl 
d 

R.2 at -» fl 
«-Vx0 

where x does not occur free in a. 

R.3 [a -» -XS n = Q n ) t n < w\ 
«--<S=Q) 

where S, Q € ED(L). 

Let J c LECHL) and let a € LED(L). Then a is said to be 
provable from 2, in symbols 2 l"LErj(L) a > if a belongs to the least 
set of LEEKL) formulas which contains 1, all the axioms obtained from schemes 
A.1 - A.7, and which is closed under the rules of inference R.1 - R.3. We 
write I N « if every model for 2 is a model for «. 

3.5.4 LED Over Arbitrary Languages 

Our proof of the completeness of the above formal system will require 
us to work with countable languages rather than with finite ones, so we define 
here LEEKL) for an arbitrary language L to be U{LED(Lq) : Lq c L 
and Lq is finite}. Observe that all the notions introduced in section 3.5 

make sense for arbitrary languages, in particular the notion of provability in 
the formal system (3.5.2, 3.5.3). 
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The result below has been proved (in [32]) for ■ three-valued logic of 
programs, but only for finite sets Z, It has also been rtlatWaed (in [33]) 
to LED, but again only for finite set* Z. 

3.5.5 Theorem 

Let L be a countable language. For every Z c LEDfL) and for 
every a c LELXL), Z »-LED(L) * ** Z * •• 

To prove 3.5.5 we first provide a tool for constructing models of LED 
formulas, the Model Existence Theorem, an anak>aous result So that for 



L w . This theorem is based on. the notion of a amp'st en cy property. 



The reader may compare the consistency property for tM> with the 

corresponding property for L (cf. [163). 

1 

3.5.6 Consistency Property 

Let L be a countable language. Let L* denote the language 
obtained from L by adding a countable set C of constant jijpibj&ls. Let U be a 
set of countable subsets of LED(L*). U is said to have the consistency 
property iff for each u c U and for arbitrary «, J c LBOL*)* aU the 
following hold. 

C.1 (Consistency Rule) Either a t u or. ~* * u. 
C.2 (' - Rule) If -* € u then u U {•*} c U. 

C.3 (A - Rule) If (« A #) c « then n U {*} f U and 
oUff)«fj. 

C4 -.(¥ - Rule) If (Sn^oJ c a tfaev for aM c € <; 

C5 (V-Rute) If(« V« € U then either uU{^e U or 

UU[«)€U. 

C.6 (3 - Rule) If OXgAt < u then for some c c C 
utl^fyc^etr. 

C.7 (Convergence Role) -"For $ « £Dtt.*h nf (S* <» c u 
tien for some n < •», 1i i< (M^tfPf^ tt 
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C.8 (Divergence Rule) For S, Q « MXL*), tf 

^S= Q) € u then for afn, «, 
uU{^n) s 'Q(n))} € y. 

By a basic term we mean either a constant symbol or a term of the 
form «tj c a ) where f c Lp f e(f| ». n, and e^ ..., c tt € C 

C9 (Equality Rules) Let t Ik a 1mic term, and c, d € C, 
u € U 

If (c» d) c u then u U [d« c) c U. 

If c » t, «Wt) c u then n U {«U/c)} € U. 

For some e c C, w l» fe» t} € U. 

3.*.7 Momti ExistBKf Theorem 

If U hat the consistency property and u c U, then u has a modeL 

/Voo/ The proof is essentially the same as that of the analogous result for 
L^ (cf. [M®. ■ 

3.5.8 Preposition 



If J s IfD(L) and 0,cJLHNU. then r j-fcg^*, fl 
r h L*lD(L) fr ■ 

Proofi Suppose r I- /J in LEDtL*).' Since proofs in LED are particular 
instances of proofs in L , it follows from mt eUtt n mthn foe 

L (cf. [2(0) that there is a proof of from P t #]LfiDJL*> 

which uses no constant symbols from C. Therefore T M Jn LEDJL). I 

3,5* Now we are in position to Tprovi 3.5.5. If I f a in LED(L) 
then obviously I N a. Now suppose Z K a in LED^ 4 ^tzfjfeeithe set of 
all universal closures of formulas in I. Obviously lFlr « in LEDX). Let 
U = {I* u u : u is a finite s«t of sentefias m LEDa*), and 
S * ^LEIXL*) "<\tsf*J-- * 3.5.8, Z*t4i|^ c U ; 
Since L is countable, every element of U is also countable. One can easily 
check that U Has the consistency properly, -Jnerefai lay 1.5.7, 
X* u {-*} ha* a model. i 

Remark We essentially needed the cut emninatfen theorem in the proof of 
3.5.8 only for the case where there are only finitely many individual variables 
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which do not occur (freeoc,fcoun$ in the fof»n»4tt, of T. In particular this 
proof does not use cut elimination 'when , J* it finite. 

3.6 The Hanf Number of LED 

In this section we investigate tifc LBwenbeimrSlcoJetn theorems in LED. 
Because the downward IAwenlleiro-9tolem dieorem is true fori, 

(cf. [ 16]), it Kemsins tru^for JUBD (at 33J). T4mr w© get 

3.6.1 Theorem 

For every finite language t and for every X C LED(L), if Z has 
an infinite model then it has a couutabfc model 

We have already seen in 3.4. i that tbc ^mAlAmtAnim-Skokm Theorem 
fails for LED. Let L be a finite language. The Htmf mtmber d LEDtL) (cf. [16]) 
is the least cardinal « such that foi eas^tv* LfiDbUj af^naaa 
model of power 2 a then •> has arbitrary large modek 

The cardinals 2 A , for « an ordinal, are defined inductively* 

3 s •• K*l s 2 *. 3 « s u n<A when « is a ■«*¥ 

An ordinal « is said to bt a recrihe orrfforffcf. C2*fr if there 
is a recursive binary relation R £ «# 2 such that R is a wefi-ordering of type 
«. Let •p* be the fust non-recursive ordinal. 

The main result of mis section is 

3.6.2 Theorem (tni) 

Let L be a finite language containing at least one constant symbol, 
two unary f unction symbols, and one Unary, predicate sysshsi Thin the Hanf 

number el LEDtfc) is 2 



Proof. Let a denote the Hanf number of LED&). First we show that 

« S 3„pK. Let L^ be the predicate cafemos with: itewwvely 

enumerable disjunctions aflowed (cf . tl$J). ft is easy to check that LEDOL) 
is interpretabk (as in 12.$ m l5J . By the Moriey-Bacwiae theorem 

(cf. £16], Thm. 22), which says that the Hanf number of *£& *2 m CK* 

it follows « i'S^'pc'- The inequality 3 # pt £ « follows from the next result 
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3. 6. 3 Proposition {[ 33]) 

Let L be a language as in 3.6.2. Then for every recursive ordinal a 
there is a *> € LEDfL) which has a model of size 2_, and has no model of 
size > 2_. 

Proof. We modify the example due to Morley (cf. [16], p. 70) of a sentence t 
in L with the required properties. Details are given in [33]. I 
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4. Correctness Theories vs. Program JEpiriliMHifer^ 

In this part we ia»e*tig»te the r ristioariapi h etwe au the 
introduced in 3.2.1, 3.12, 3.13, 3.2,7, and I 3^-t, A JtwpHN* that this 
investigation feadt to ffiathetnttfcaffy feep and mtercstmg questions. The 
author would again Kke to thank Albert R. Meyer, who 111111111111 tUf& < 
investigation. 

ci Gemerat Reta$msmps : v^>f* ;-:,,;,.": - -^ ~ ; ^"- 

We first introduce some notation. Let L be a finite ln "g"«f Let 
3Tbe a class of L-structures. RecaU that for « € LED(L), 
3Tl* a means that every « c 3Tk a nwdd for «. ff 2 £ LEWD, 
then by MocKX) we denote the daw of al mode* for 2. 

Let S € ED(L, n). By the narfttf correetmss theory of S with 
respect to 3Twe mean the set PCS, 3D » {<•, j& c L^fc, n) 

x L^L, n+1): 3TN « - vys* x„ - flj (this set is 
denoted in [6] as MPCyiS). 

By the ro/o/ correctness theory of S with respect to 3Twe mean the 
set TOS, 5T) *[<m,fi>* L^JL, n) x L^fc, n*l) :#>«•> 3*^8* ^ A fi)} 
(this set is denoted hi £6] as MTCj^SM. 

4.1.1 Theorem 

For an arbitrary finite language L, n < «, S, Q c EDO., a), and a 
class 3Tof L-structures, att of the following held. 

(0 Ifar^SsQthenTOS, 3T) = TX30, 3D. 

(U) TOS, 3T) * TOO, 3T) iff 3r> S ■ Q. 

CiiO If 3f> S * Q then PCS, 3T) « PCXQ, 3T). 

(iv) If POS, 3T) * POQ, 3D then 3TN S - Q. 

froo/: Straightforward. I 

4.1.2 We now consider the converses of ($, (ml and (tv) of 
4.1.1. Let LOOP be an eds defined by LOOPfra) « <"i*Q * jtf, ^ 

for m < w. Obviously in every L-structure *, LOOP* * ar. Now, if 
3T7 then the implication in (0 cannot be reversed for trivial 
reasons - clearly TCCLOOP, XT) * TOLOOP, X) but 

Of* LOOP* LOOP. For (iv) it is enough to observe that for every S € 
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ELXL, 1), 3TP LOOP - S but <xq * x^ -*^«^> < POS, 3T) iff 

3TN LOOP ■ S. This observation gives rise to many counter-examples. The 
subsections 4.2 through 4.5 are devoted to investigating the question: for 
what classes 3Tcan the implication in (m? be reversed to hold for arbitrary 
S, Q € EEKD? In 4.2 we shall see that fr geifei-af (SB cannot be reversed. 
On the other hand, in 4,3 we see that tf we jUIdw tangmge i ifmiimW w< 
express partial correctness coalitions then (iis) mt^mnmrtnA^r an 
arbitrary (first-order) elementary class 3T Finally, 4.4 shows that for the 
class of all L-structures "partial dtffeestatjft determines the semantics". 

A class a?<4< L-steucturei is said to be*ds»<*Na** if for 
arbitrary S, Q c EIXI4 f&k &h *?mQ?Mmnjtk*^ ••' 



4.2 Determinoteness on Elementary Classes 

A class 3Tof L-structures is said to be elementary if for some 
X c L^JL), 3T« Modd). In this subsection we ai»uiti|au the 

question: when is a given elementary class eds-completeT The first result 
shows that even very ntncsc elent a nta r y t»Mw nud aWte ed» 4i omple te . 

4.2.1 Theorem {[b]) 



Let L be the foikwfint Jw^iiatw 1^ « L^ = M,l^,*{^ g}, 
a L (0 * a L (g) = 1. .Thtnjhe class :T4Mc«$lb^*#i^ * g»x^ i* 
is not eds-complete. 

JVoo/: Take S to compute the two argument projection function 
Sxq, xj) * xq. LetyQ*Em,|=2) be aa edt that 



given 




two arguments, it checks whether the 
subalgebra, or the second argument generates a 
argument belongs to the subalgebra generated by 
argwtient fcde^ ^^ 
the above conditions hold then n^gmmo^af 
it diverges. 



it generates a finite 
l*a%a*jrt,"or the first 
argument, or the second 

ft amalfaBt. If any of 




argument, otherwise 



Clearly rJT* S » Q. To prove Pm 3T) > PCXO, QT) observe 
first thatiPe»,3n^S FOO/,^ obvfotMhdi^tf* 
<«, 0> c PCXQ, ^H - Pas, ^Ihin 
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3T1* » ■* fajjj^. 

Let 7 « L^JUL, 2J be ts* fomtafc • A llk^a^ 
By a startdar4 ayp foaa i oa of tte CoaqjectaearTamttai [7, p.673 we find a 
model « c 3T»ad ltoe» iti' li •, b* c c ft s«cav that 

and the subalgeftras generated ay a, p, c «* at iaftoftl and patrwise 

there is an au tomor phism h : * -» I roch that h(a) = a and bib) * c. But th» 
contradicts (*). I 

The main result of this subsection is the fattening. 

4.2.2 



Le>^btAi)anea)p&^ For 

S, Q c EDtLJ, if PQS, 3T) = POQ, 3T) then there easts a countable « € Ot 
such that H N S a Q. :Ivj]j ??m©r> *.i -■ 

#Vw»/5 Let S, Q € EIXLK Qefine a co«ta*te f antOy^, »$ e#pof 
sets of open first Oxder ^m^t^'^^mwtu^ym^ei-' '■ 



r 2n s K^s^ V -^ = tg^) A a^ : »< „), 

r 2n+i s . ASw^ "%m * HjP * «$a r » "« «* 
Let I s I^JU be roc* ^^Modj& T - 

^routiKcaiq e, cai^ prow t^^akminj two reniks. ^ 

[71 for the necessary model theoretic * - «* ^ 

Proposition A 

Let arano* * be w above. ^fcj, Q * EOLV are ae to mu aa tk (A 
2.1) then the following conditions are efflivatont ; »- 
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d A ) pas, on = pcxq, in 

(ii A ) For every n < », I locally omits T n . 
Proposition B 

Let « be an L-structure. If S, Q € ED(L) are deterministic then 
the following conditions are equivalent: 

(i B ) » N S s Q. 

(iig) For every n < », H omits T n . 

Now 4.2.2 follows from 2.1.2(0, propositions A and B, and the 
Omitting Types Theorem (cf. [7], Thm. 2.2.15). I 

In the rest of this subsection we derive some corollaries from 4.2.2. 

Call an elementary class 3Tof L-structures complete if any two 
elements of 3Tsatisfy exactly the same sentences in L„JL). 

4.2.3 Corollary ([6]) 

Let 3Tbe a nonempty complete elementary class of L-structures. 
The following conditions are equivalent for arbitrary S, Q e ED(L). 

(o pas, on = pao, on. 

(ii) For some countable 9e3%tltSsQ. 

(iii) For some countable H € X pas, {«}) = PaQ, {*})• 

Proof. By 4.2.2 and 4.1.1, (i) -» (ii) and (i0 ■-» (iiO hold (we have not 
yet used the assumption that 3Tis complete). Implication (iiO ■» (0 
follows from the following easy fact. If 5Tis a complete elementary class of 
L-structures then for every S € EEXL) and for every « € X 

pas, on = pas, pp. ■ 
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4.2.4 Corollary ([b-]) 

Let JTbe an w-categorteal complete elementary dan of 
L-structurcs (Le. 3Tcontains a countable L-»U u ct ui t and any two 
countable elements of 3Tare isomorphic). Then 3Tv edi-compfcte. 

Proof. Followi immediatdy from 42,3 and 3.6.1. I 

Call a class 3Tof L-ftrectore n^-compie^ if all elements 
of 3Thave the same terminatioa properties, Le. for every S € ED(L) 
and for arbitrary lj f « 2 « 3£ *j * S* »%K Sfr. 

4.2.5 Corollary 

Let 3Tbe a nonempty elementary daw of L-ttractttres. If 3Hs 
nyP-coroptete then X* eds-rorapkte, 

/Voo/5 Follows from All and 3.3.1(4). 1 

An L-stnicture W is said to be al%oritkmkd\y trivial if for 
every S e ED(L), if * * S* then for some n < w^lj*ts*^W. 
Algorithoiically trivial structures have been investigated by many authors (cf. 
[10, 17, 1$, 19,341k For a survey of wsutey iniliiiliin mmr lirw ones, the 
reader should consult [34}. 

The next result gives a full ch aiacte natio n of tie eds-comptete 
classes among all elementary complete ones. 

4.2.6 Theorem 

For a complete elementary chns STaH the following conditions ate 
equivalent: 



(0 XT* 

00 XT'* n^H»mplete. 

(ft) Every V c 3fis eJgorithmicatly trivial. 

Proof. The only interesting case is when Of* a class of infinite 
structures. 
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(0 - (iiO. If * « 3Tis not algorithmically trivial then there 
exists m with < m< •», and S € EDfL, m) such that * Is s* but for 
n < », * I* ^P>*. Without loss of genera^ l S eATbechosefi so that 
it computes a partial projection oh the fifst component. Let 
Q(xq, .... x m _j) = Xq be a total eds which computes this projection. Since 
S is not equivalent to any of tis Unite parts )tt, % fa a standard 
compactness argument there is f^c^sucfc Mult not total on 8. Here 
we get a contradiction since « N S ■ Q, so by 3.6.1 I can be assumed to be 
countable. Then by 4.1.1(00 PCXS, 1*0 « KXQ, (*p, and by 4.2.3 

contradiction. 

(HO ■» (id because 3T|i,eompleti. 

(U) - (9 follows from 4.2.5. I 

Below we give two examples which are immediately derivable from 4.2.6, 
For an L-structure M, Tat«) k{* M rt^&Mtottjp ' *»*''* u ** 

4.2.7 Let C be the field of complex numbers. Then 3T* Mod(Th(Q) 
is not eds-compjele (if /ol*W 6om &« ;^ not 

algorithsjucajly trivia^, , = . fli; ,, -,,,;? ,. <■ -«r ; - m % bv;-,^... **•< - 5 ^ 

w ^—jJi 8 ^ ? ^ 2° L £?H c t»™L f^^^wper subsliwtures. Then , 

Modems itWeo^compitlf^ 3.4.2 thtMSoiS!^^^ 

triviaO. 

4.3 Dtterminatmess via Language Extensions 

Let L be * fhirli language. Let N be the language of 
arithmetic, i.e. Ni*^ v-^tfffc * Vj*p^T* l^f* 2, 
N c *(0}. Assume that L and N are disjoint alMFfcf""' V 
UN) be the extension of L by N. Jf JfTisji class, of L^trnctuies 
let 3T(N) be the class di^^^Wk^IS^T 

The aim of this subsection is to sketch S" proof of the following 
result, which has been obtained independently and «t about the same time in £6] 
and [221. a " '■■ ili - ^ " " il """ ' ""*' 
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4.3.1 Theorem (16, 22$ 

Let 3Tbe an arbitrary class of countable L-»tructores, Then for 
arbitrary S,Q« E#L), if PQ& STOH^s KXQjr £f£»» *» 3fT* S • Q. 

/Voo/ A moment of reflection upon 4.1.1(h$ «k>W* that in order to prove 
4.3.1 it is sufficient (and necemry) to prove the foBowing remit , t 

A.3.Z Tlicontn 

Let 3Tbe an arbitrary dms of countable L-rtructure*. Then if 
S c EDtL, n) for some a <«, and if for some % c 3Tand for some a c A n , 
<*, a> »* St then there exists a formula ♦ « L^ttXH), n) aoch 
that 

(0 3TWte * - S*. 

(id ^ is consistent i*kh 5T(W; i.e. for some 
• € 3T(N), 8 I* ^..ax^j^. 

First we introduce some terminology. An UW-ftructefe » is 
said to be standard if its reduct to an N-etructure u the stead 
of arithmetic (i.e. t^ « <«♦, 0, S, ♦, •». For m < •», m is an 

abbreviation for jte Jernt ^t«: Tnenext result ; key lemma for the 
proof of 4.3.2. " 

4.3.3 Lemma ([6, 22]) 

Let {« m : m < •} s OFtt., irt be^ recursively enumerable set of 
formulas. Then there exwts a sen^ 
formula y c L^JLfN), n*fj such that 

(0 > b true in an stemlad UNHtniCtures, 
(i0 For each m < «#, N f -» (« ♦♦ 



flroo/ The proof of This lemma is an adaptation of the usual proof of the 
representation of recursive functions in arithmetic. Details are omitted. 

Proof of 4.3.2-. Ut S € ED(L, n). Apply 4.3.3 to the r.e. set 
f"*S,m : m < •}• Let + and y be formulas obtained from 4.3.3. Then 
t> A Vx n Y satisfies (0 and (iO of 4.3.2. I 
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To relate 4.3.1 to irbitrary elementary classes we state the following 
auxiliary result. 

4.3.4 Proposition 

Let 3Tbe an elementary claw of L-structures which contains a 
counuble structure, Let ^ be the dan of ah* rontanit structures in 

yr. Then for an arbitrary J :*JHKL) ( iKttk 3ft*fCM,X(f. 
Proofi Follows from 3.6.1, 1 , 

4.3.5 Corollary ([6], £22J) 

Let rJTbe an elementary class of L-structures. Then for arbitrary 
S, Q * fiB9% #1^ -am » |N£^; itt^ Aetf ^ 1 1 Q ; 

One may ask similar questions tl ^ t^ id il; 41 43,f«r 
definitional schemes which need not tri^e* Atc^ Wnritie definition in 
2.1 the function S is arbitrary. It turns out that all results of 4.1 and 4.2 
carry over to this more general n^rort^thtt«clran|^d proofs. Hdwever our 
method of proving 4.3.5 essentially depends oil effectiveness of a given scheme. 
The next result shows that 4.3.5 is no longer true for arbitrary definitional 
schemes, even for an elementary class which k eds-comsfete (cf. subsection 
4.4). Let f be th* finite «*eme i*«Ji f ^fi^cttip«tes the Identity, Le. 
Kn) « <xq > xq, xq> for n < •». For a finite language ^ let StrucKL) 
be the class of alt L-structures. 

4.3.6 Theorem 

Let L be a finite language witlLfj . f Jfo^ f^}, 

L R s f r 0» -» r m-ll for ,ome "i n < •• *** L $tt "fy one of the 
following conditions iw^ : ^ ^-..n;i: 

Then thei* exists i (noneffective) definitional scheme S over L, 
such that for an arbitrary extension L £ L*, the following two 
conditions hold' 
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(*) EOS, StrucKL*)) * tm, Stm«H;*». 

(**) For some % € StrnctfL), « N 3x^5*. 

Proof- We sketch here a proof of 4.3.6 for die case where L contains two 
unary function* symbols f and g. The proof for other cases mentioned in (0, 
(id is essentiaflY the same. **t t fe a*eheme aetlned aVfoHows, 
S(n) s <* n , xq> for n <«, where ^i»«0 » fe^a*Jiar=nC #, 

■igiPK^) • *tf, * ^nH. r---. -• 

where # n is the n-tn partial recum»e f uncfaoa jj^itandpa^ r numriajjon 3 

To prove (*) let us take any eiteosioe L $J?„ If <«, #> c 
POS, StructCJU*)) -K^Jtnn^^tlien 

and ,." .... ..'• -j. t :. . -.,.-■ A: 

K3.8) . ,|pr. torne^* jC S»n«*(L% an«t f or aome a «t A,; • j 

*l=«{a3A'-*a,aL * '* "['*( /'/'" T ,, 

Extend L by a new constant symbol c Let ? be the sentence 
•(c) A -#c, c). Thus t is consistent and 

(4.3.9) *y ^^ n l[c)tere*efff^«* 

Let Thmhr) be the set of all theorems deducible from y. By the 
completeness theorem, -«* n (c) c Thirty) for every n < w. Let 

T = {gtf^c)) * c : n < • U (g(fn(c)) * «c) . n Ce^VJffr V)$ 
Obviously T n Thmhr) is a recursively emtpembfe pet Moreover 
|-* n (c) :n<.Jsm Thmf?), *mM Anient mchrnoo hold, 
as wefl, by the coiwstency of ^ 
(**) is obvious. I _ , 
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4.4 StruciL) is eds-complete 

In this subsection we briefly sketch a proof of the following 
result (cf. [6]; a similar result appears in [22]). 

4.4.1 Theorem 

Let L be an arbitrary finite language other than the one where 
L F « 10. *l(0 s 1, L R 4 +, and for all r e ^ ^ # 1. 
Then Struct(L) is eds-complete. 

Proof- The proof is quite technically involved. Here we only sketch the main 
ideas behind the proof- the d^t«^.c^b«,|oi!^.iB^^iB [« there »« 
complete proof of 4.4.1 for the languages L with L^« 4 (Le/tpr algebraic 
signatures), and the method* ippned^^^bi'et^ Mpud to all 
languages except the case mentioned in the hyp«!»e«i# 0*4.4.1. 

The proof is essentially divided into two part* according to the cases 
the language L satisfies. 

<D L R « e, L p s {% «|(f) » L 

(ID {Remaining cases) - {Exceptional case}. 

Actually, for case (!) a stronger result can be proved. (Note that 
Theorem 4:2.1 shows that the result %low fans tort containing two unary 
function symbols). 

4.4.2 Theorem ([6]) 

Let L be a language satisfying (p. Then ejery class 5Tof 
L-structures which is closed under substructures b eoVcompfete. 

Proof. There are no tricks mvorved, but some work needs to be done. See 
[6] for details. I 

Proof of 4.4.1 (continued) 

The main difficulties are found in case (IB. m this ease we 
proceed as follows. 



n 



We first prove an auxiliary resak (the 
makes it possible to restrict our attentioo to closed eds's. 

Localization Lemma 

Let L be a route language aarf let 3Tbe as 
L-struefures. The foftowiag 



in [6]) which 






(0 



3Tis 



(i& For aM ftnite exteaajoas of L by constants to L c and for 
each S €, EaL^Gh, if * * S* for soa*« «*JF«#, the* there » 
a sentence r * L^O.^ €1 wfcfek has a axxfcf in ^Ct^'asaf ! 

JHL 6 ) N> ^ g* ^grejfto f taedmof afl l sU||sj|jn ^sf 
structures in ^to?Bj^s|fus|iinB^v 

Proo£ See [6} Cor details. I 

Let L be a language satisfying (ID, and fet L c be any Chute 
extension of L by constants. We expand* L c to a ftw js**s«* kmguage 
L°* by adding to L c a new sort catted M7S, and iinimau as 2XW the 
sort of L. We also add c, a binary rets*** e# SOT VMS' and MAT, a 
binary relation os SETS x D0i§#. L^JM*) is 

one over 



usual; it has two types of variables, ooe 

SETS. ' J ' iV " : - v '' 



Every four-tuple of formulas t = Cop, og, f^ ay* m 
(L^L , l)) 2 x (L^JL 6 , 2B 2 determines « 
H* of L ff. ** tftto tLjt^r in an obvious w«y. 




The key lemma for the proof of 4.4.1 it the 
Lemma A 

Let 7 « L^CL C , 01 and let H* be an interpretation of 
L^L 6 *) inteL^L^ Let T aedH* saCnty ocse two 



conditions: 

(*) for every S € ED(L c f 01 if there is an L c -«tructare « 
such that INS* then there exists as L c -strocture 9 with 
• N •* A S*. 
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(**) for every sentence + € L^JJk,^ 1 % M ,if. -A d- 
has a model (in StrucKL* 5 *)) then H^ A +) hat a model (in 
Struct(L%. .;' *" V"'";,,; ', ""'■'.*" ' 

Then given any eds S e EDO. , (9 which diverges on a certain 
L c -structure, there exists a^sentence^ c l^*, fjj^wph fi 

has a model in StructtL ) such that StroctO,^ > ^ -» St. 

Now, the proof of ^^X^'tdkffUmX^i $ «** the Localization 
Lemma once we show t for each \^§0^ w ^^^ M ^^^ w a 9 n 
interpretation H* which satisfy condition* t*) awK^ (i« [« for MM*,*, 

For the proof of Umnu A we ^ **^ ; t c by ^laefuage of 
arithmetic N. lit S € ED(L C , 0) fee ** «* whjc* dmrgtt en t»l* 
certain L c -structure. Then we apply Theorem 4.3.2 to get a sentence *' c 
L^CI/frl), (» which is consistent with Stni«(L^ taB inch 

thatStrucKL c (N))>*VfSt. , , 

To eliminate the symbols ofNin*' weuteTindH* from the 
hypothesis of Lemma A and apply the following technical result in axiomatic set 
theory. 

Lawna B 

Let L be a finite language and let a c L^JL, 0>. 
Then there exist a sentence p of the first order language of Zennelo-Fraenkel 
set theory, UZF) and a formula ptx) of MZF) such mat 

(0 ZFKp, 

(iO If « N p then for b c *, * p|b] iff b is isomorphic 
to an L-structure which satisfies the sentence a. I 

This completes the sketch of the proof of 4.4.1. The method described 
above does not work in the exceptional case mentioned in 4.4.1. We leave as an 
open problem (cf. Section 3) the question of eds-compteteness of StructtX) for 
languages L which are not covered by 4.4.1. 
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4.5 Arithmetic Programs 

In this subsection we provide a partial result which is motivated by 
the following question: is the elms of oil models Pj/of Pemo 
Arithmetic eds-comptetfi. 

Let L be a language with i^ ■ ($, Lp '* {sq ♦,"•],' 
L R s W. P\P E 1, m%* * ^(3* 2 Lit* ^ ? 
<•», 0, S, ♦, ;, <> be the standard model of arithmetic Let ,^/be the 
das* oT all modeb of feano arithmetic. Lei 3T c >ifc je the cjasa of aU 

L^Otl in* as the rtaadard modd *. 



■jrifv*. ><*>?*, 



■ Bassist proof of the next rt^t;<J6^e!% iKO i rtpl e tcu eis Theorem is 
used. We refer the rsader tacflf for 



4.5.1 7kwre«i[6B 



*f . ;".^}i;!**«*' - 



For arbitrary S,Qc ED(L) t FCtS, *s/7* lQ& W) implies 
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5. Open Problems 

Below we list some problem* which are naturally connected with topics 
we have discussed in the paper, 

5.1 Fragments of LED 

Let y be a class of program schemes, eg. itrtight-line programs, or 
flowcharts, or recursive procedures, ow a, giwa umgvegeL. ^@he can add 
• as an additional parameter in the definition (3.1) of LED where in 3.1.1 
schemes £ and § are assumed tri»gtro«tr/ *<fM» ineaafag dWft&al 
equivalence) remains unchanged. m^^^m^mmh^^^%^J^i^ 
which can be viewed as a fragment of LEDX) as far as •is translatable into 
EEXL). There ur a teadcacy <c£ P3^ F to treat'gfl e it r Ve tilMiioW"* r> 
schemes as those of maximal computational power. Therefore for reasonable 
classes .r, t£* resulting *aeta I>Bqr ) W fee slwSji r fe i Hil as fragments of 
LED. ./: ..,„,- ■._...,.; *,™ *■:*«- ;. w ' ' 






Let LEDj and LED 2 be two fragments of LEDtt.) for a finite language 
L. LEDj is said to fe**»^<*J»m LEP; if for e*8y<tf «fifeDj there 
exists a c LED, such that * « - 0. If LED. is mterpreUWe into LED, 
then we write LED. s LEDj. LEDj * LEDj means that LED. £ LED* and 

LEDj is said to be semantical fy equivalent to LEDj if LEDj * LED 2 . 

For example, LED based upon straight-line programs is semantkally 

(with equality Inff m semanticaHy equivalent to AsMfJgsjfe fce**ft>with >v 
individual and iteration quantifiers (cf. [1] and PH for the necessary 

on ret^lar jjfogfahW (cf. tt5j). 

Just as with logics, we can compare classes of program schemes (cf. [9. 

14 ' 23> M, fyj4&&£& <^» JW s ^ r ^ lsmi^ s-W** 
above ^ * ^ means ^ 4 1 ^| m^f^^ jpd-^J <*W^lKtJ»v, 

The following questions arise naturally: 

1. r%r what cmsses -Jr^J^ of prog/am tcaetnes does the 

following implication nokh "-"" ^ ' ' «« ^ x ' 
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S x < S 2 ^P^ 8 LEEX/j) < LEDU/y 



2. Is it posafefe to find two elanes of prograin schemes such that 
./J < y 2 i flowcharts are translatable into ./J, ano^S)!^) ^tEt*^ 2 # 

3. b the foil LED semantkafly equrwkmt to any of its fragments 
LED(-0 with flowcharts translatable into /and • < ED? 

5,2 The Role of ikt Bovolfty Test 

In schenutokny i* knot awshy anpw d thai the program schemes 
can always tert for egaality between ia ii n a iial i (ci f Vi4y 3%). 

Therefore the foikwiag probMi tetntf to e« worth iovestigatiag: 



4. For a given dast of J* pioe/nai schametiet ^ denote the 

class of ^schemes augmented by the eouaMty predicate. What is the 
relationship between LEDLT) and LEDL/y? 

5. inpartioUar, when dom LEDl^* L8D^ boid? 

Remark If y is » class of 
among its basic relations then S= © 




terminate property of a echewe in ^ V&'ft&^^jn 

5.3 One-and-a-Mf-Order LED 

TMi extension of LED arises vte cpantificatk» ^Mr icbemei, Actnafly 
there are two poaribk f wViiiumi <*-**'* : " -^' ^;- 

(D LED* : qttarrttfcstioa om tdaatt^ 

(ID LED* : only quantification over schemes » avowed. 



Formulas in Lhw^f express varkn* 
of ^-schemes, For e,*ru6k the tohnitt l^l^i, 1^1^ 
is a formula of LED* true in ED, and the remark in 5.2 isays that this formula 

""*£? *J* *"*-? ^ * ^£4£mufom iiwm#i 

equality predicate. To take another example, consider the formula 

vs^asjKS,* vw.^^i fonnub * mM mM ^ „ 

in the class 6T an* flowcharts but k not trie ia the class of ah* . 
flowcharts augmented by one stack. 
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Problems 

6. Given a class /of program schemes compare LEEX/) and LEDV). 

7. Call two classes /j, ^ <* program schemes similar if for every 

sentence « in LBD* « W^^^iA^^iigim'y^jg.iSm class 
of all flowcharts similar to Eft? ! 

8. Given a class ./'of program schemes, investigate the decidability of 
the set of all LED* sentences true in Si 



9. Given a class • of program schemes, investigate the axkxnattzabiUty 

of the set of all LED* sentences tru^in^C 



TO. Is there a class /a£j*qgrara scfcen** wjucfc is uni^tiety definable (up 
to semantic inter-iranslatabiUty) by I3D*jeirtences frw in j^T 

5.4 Exprwhr Power md Unique Definability 

11. Let ./j and ./^ ** classes of program schemes such that 
LEDC^T < LED(^; Ji 1 it .l^wiqnjl' sjtia^sl jb ^^^jnr^a^n in 
uniquely definable In LElX> 2 J by a single seat*K>e but not 4eilnatte in 
LED(yj) by any set of LEDt^) sentences? by a single LEDf/i) sentence? 

5.5 Unique Definability 

12. Characterize structures which are uniquely definable by a 
single open LED formula over a language without constants. 

13. Characterize structures which are uniquely definable by a 
single LED formula. 

14. Characterize structures which are uniquely definable by a set 
of LED formulas. 

15. Are there any reasonable results concerning unique definability 
of structures in fragments of LED (eg. for flowcharts)? 

5.6 The Hanf Number for Fragments of LED 

16. Is there a class /of program schemes such that LEDf/) < 
LED, and both LEDC/) and LED have the same Hanf numbers? 
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17. Compute Hanf number* for various well-behaving fragments of LED 
(eg. for flowcharts, recursive procedures, flowcharts with counters). 

5.7 Eds-Complete Classes -■■..__.___ 

18. Let L be a finite language satisfying the following 
conditions: L p * {f|, Lr /♦, e L (0 * 1, aad'fa^'y 1 ■£■*.. 
• L (r) = 1. Is the class of all L-stroctttres eds-complete? 

19. Is the class of aft models of /¥w ^rtw^^t^-coajpkte? 

5.8 Tools to Construct Models 

20. In this paper we have presented f#& results {Theorem* 3.5.7 and 
4.2.2) which can be viewed as tools to construct models. The ftnt of these 
ie**4t*iwe* derived fist^MIM'EplTlisli ud 



the second from the Omitting Types Theorem m t^. Are there any results 

specific to LED which also provide took to coming taoo>*v«1td whieb cover 
3.5.7 and 4.2.2? 

this question seems to be important since is the presence of stronger 
tools to construct models some of die problensr stated above may succumb to 
standard madri imonHii sotetfcmt. J;; *■&•-■'■ ■■'»'■ 
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